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A method for synthesizing separation processes for multicomponent mixtures is pre-
sented which identifies the regions, boundaries, and the lower dimensional varieties in
an N-dimensional space. Both thermodynamic and equipment boundaries, which may
block or limit a proposed separation step, are considered. To facilitate process synthesis,
process boundaries are approximated as linear hyperplanes if appropriate, while nonlin-
ear boundaries are represented using a set of linear hyperplanes. In conjunction with the
available separation task selection methods, a step-by-step procedure is proposed to
generate complete flowsheet alternatives, which allow bypassing both thermodynamic
and equipment boundaries to achieve a given separations objective. Several example
problems are solved using a spreadsheet program to illustrate the simplicity and applica-

bility of this approach.

Introduction

Separation system synthesis is an indispensable activity in
chemical plant design. A wealth of methods, procedures, al-
gorithms and approaches have been proposed (Mizsey and
Fonyo, 1990; Douglas et al., 1993; Qian and Lien, 1995; Dou-
glas, 1995; Siirola, 1996; among others). Some of these have
been implemented in computer codes for developing separa-
tion processes (Wahnschafft et al., 1991; Brunet and Liu,
1993; among others). Many methods are rule-driven; heuris-
tics and facts are used to help generate flowsheet alterna-
tives. The work of Barnicki and Fair (1990, 1992), as well as
Barnicki and Siirola (1997) which contains a comprehensive
set of heuristics for separating liquid and gas/vapor mixtures,
typifies this approach. A considerably different method was
suggested by Jaksland et al. (1995) and Gani and Constanti-
nou (1996). For a multicomponent mixture, pure component
properties such as kinetic diameter, van der Waals volume,
polarizability, melting point, and boiling point are used to
determine where a split should occur for each type of separa-
tion technique including distillation, crystallization, absorp-
tion, extraction, adsorption, membranes, and others.

While these existing methods provide excellent alternatives
for some separation sequences, none considers explicitly and
generally the extent to which process boundaries limit recov-
ery (O’Young et al., 1997). This is important because a seem-
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ingly feasible separation can be blocked. For example, a
heuristic states that crystallization is very feasible if the melt-
ing point ratio for a binary pair is larger than 1.2 (Jaksland et
al., 1995). However, such a separation may not be possible
because of the presence of a thermodynamic process boundary
caused by eutectics or compound formation. An analogous
problem occurs in distillation where a separation can be lim-
ited by a process boundary caused by azeotropes. Crystalliza-
tion boundaries have been examined by Dye and Ng (1995b)
and Berry and Ng (1997a), while distillation boundaries have
been examined by Ahmad and Barton (1996), Safrit and
Westerberg (1997), and Ahmad et al. (1998), among others. A
similar limitation can be imposed by an equipment process
boundary. For example, the permeability and design of a
membrane unit can limit the feasible separation. For a given
feed, feasible separations can be represented within the com-
position space using an equipment process boundary beyond
which the permeate and retentate compositions cannot be
reached (Pressly and Ng, 1998). The objective of this study is
to formulate a framework to consider these process bound-
aries in designing a separation system. Special emphasis is
placed on crystallization, distillation and membrane proc-
esses, and on systems with four or more components for which
graphical representation of process boundaries is difficult.
This work is not intended to be a stand-alone method; rather,
it serves as one of the tools in the repertoire of heuristics,
algorithms, and so on for separation systems synthesis.
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Composition Space and Process Boundaries

Separations synthesis of an n-component mixture in a con-
tinuous process can be viewed in n-dimensional composition
space as follows. A stream of composition x© is transformed
using appropriate separation techniques into p product
streams, each of which is represented by a composition vec-
tor x”. An N-dimensional space is needed if (N — n) separat-
ing agents are used to separate the n-component mixture.

Process boundaries are functions or sets of functions of the
mole fractions which define the composition space. For ex-
ample, solubility surfaces in solid-liquid equilibrium (SLE),
immiscibility envelopes in liquid-liquid equilibrium (LLE),
and distillation boundaries in vapor-liquid equilibrium (VLE)
composition spaces can be described by mathematical func-
tions. In many cases, such boundaries are approximately lin-
ear as in many SLE boundaries. Nonlinear boundaries can
be approximated using sets of linear boundaries. Therefore,
we outline below only a linear representation method for
process boundaries.

For an N component system, an (N — 1) dimensional com-
position space in mole fractions is needed. The general equa-
tion of an (N —2) dimensional hyperplane is

X +a X, +agxg+ ... +ay_Xy_1+b=0 &y

where a;’sand b are constant parameters. Such a hyperplane
of dimension N —2 is referred to as a boundary which can be
defined by using N —1 points to determine the N —1 inde-
pendent parameters. These boundaries partition the compo-
sition space into regions. If the dimension of a hyperplane,
M —1, is less than N —2, the hyperplane is described by the
following set of equations

Xp=apt tapt,+...+a yoity_,+b;
Xo=ant +a,nt,+...+a y_1ty_1+ D0,

@)

Xnor= ot ayogatb T Fano moituo1 T by

where the a;;’s and b;’s are constant parameters and the t;’s
are variable parameters. In this case, M points are required
to determine the M(N —1) parameters. For each point, a se-
lection of values for the t;’s is necessary. A convenient assign-
ment is to set t; to be zero for one of the M points; this
allows the determination of b,, ..., by_;. For the other M —1
points, each M —1 t; is set in turn to be one and the rest
zero; this allows the determination of (ay;, @y, ..., ay_1 1)
oo, (@ o1 By m_1s -y 8y_q w_1)- Also note that Eq. 1
can be recovered from Eq. 2 if M equals N —1.

For a line in N —1 dimensions, the parametric equations
can be obtained by setting M equal to two in Eq. 2

X, =at+b;
X, =a,t+b,

3

Xnop=ay 1t +by

The parameters can be determined using two points x* and
x2. The point of intersection x3 of a line with a boundary or
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a hyperplane of dimension less than N —2 can be found by
substituting the vector x from Eq. 3 into Eq. 1 or Eq. 2, re-
spectively.

Let us represent an (N — 2) dimensional hyperplanes in Eq.
1 as g,(x), g,(x), and so on. The points between two bound-
aries can be described by using inequalities. For example, for
a point x’ to lie in a region between g, and g, where g, < g,,
we have

9:(x") <0, (42)

and

92(x') >0 (4b)

Boundaries Formed by Eutectics and Azeotropes

Earlier studies on thermodynamic process boundaries fo-
cus primarily on ternary and quaternary mixtures. The syn-
thesis of crystallization processes to bypass eutectic bound-
aries was discussed by Cisternas and Rudd (1993), Dye and
Ng (1995a), and Berry and Ng (1996). The use of residue
curves and distillation lines for designing systems with distil-
lation boundaries was discussed by Fien and Liu (1994), Mal-
one and Doherty (1995), and Widagdo and Seider (1996).
Synthesis of hybrid crystallization-distillation processes in-
volving both eutectic and distillation boundaries was consid-
ered by Berry and Ng (1997hb).

The developments for systems with more than four compo-
nents are more recent. Rooks (1997) presented a systematic
method for determining distillation regions based on the
reachability concept, while Berry (1997) focused on crystal-
lization regions using a similar approach. Ahmad and Barton
(1996) and Ahmad et al. (1998) discussed how to identify the
regions and product sequences for azeotropic batch distilla-
tion. Safrit and Westerberg (1997) proposed an algorithm with
which both continuous and batch distillation regions can be
found; they also presented a review of the existing literature.

In this study, we use a region finding method related to
that of Rooks (1997) and Berry (1997) for describing the geo-
metrical varieties in an N — 1 dimensional space (Table 1). It

Table 1. Procedure for Determining the Crystallization
and Distillation Boundaries in a Composition Space

(1) Determine and classify the fixed points into saddles, stable
nodes, and unstable nodes.

(2) Link the fixed points with directed connections.

(3) Determine all of the paths starting at an unstable node, pro
ceeding in the direction of the connections and ending on a
stable node.

(4) Group the paths into regions which start at the same unsta-
ble node and terminate on the same stable node.

(5) Identify all of the points shared by any two regions. These
are the points which describe the boundaries.

(6) Identify hyperplanes with a dimension one less than that of
the boundary, if necessary.

(7) Repeat Step 6 by further reducing the dimension until the
hyperplane is actually a point, if necessary.

(8) Solve for the parameters needed to describe the boundaries
as linear hyperplanes using Eq. 1.

(9) Check for and remove false regions, if necessary.

(10) Check for and remove nonconvex boundaries, if necessary.
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Figure 1a. Solid-liquid equilibrium composition space
for a simple eutectic system.

is relatively simple to implement and has worked for the cases
considered. However, no general proof is available at this
time. To fix ideas, two quaternary mixtures—a solid-liquid
equilibrium (SLE) composition space with four eutectic
boundaries (Figure 1a) and a vapor-liquid equilibrium (VLE)
composition space with two distillation boundaries (Figure
1b)—are used to illustrate the procedure. In Step 1, the fixed
points in the composition space are determined and classi-
fied into saddles, stable and unstable nodes. The classifica-
tion for Figure la is as follows: pure components A, B, C,
and D are unstable nodes; quaternary eutectic ABCD is a
stable node; all binary and ternary eutectics are saddles. In
Step 2, the fixed points are connected with each connection
between two fixed points pointing in the direction of decreas-
ing temperature. In Step 3, starting with an unstable node
and ending with a stable node, a path is generated by follow-
ing the directed connections. Figure la contains 24 paths,
some of which are: A-AB-ABC-ABCD, A-AB-ABD-ABCD,
A-AC-ABC-ABCD, A-AC-ACD-ABCD, A-AD-ABD-ABCD,
A-AD-ACD-ABCD, B-AB-ABC-ABCD, B-AB-ABD-ABCD,
and so on. In Step 4, the paths are grouped into regions.
Within each region, the paths start at the same unstable node
and terminate on the same stable node. The fixed points made
up of these paths are the points of this region. For example,
the region for component A is made up of the first six of the
eight paths listed above; the points for region A are A, AB,
AC, AD, ABC, ABD, ACD, ABCD. In Step 5, a boundary
shared by two contiguous regions is identified by matching
the points belonging to these two regions. For example, the
points of the boundary shared by regions A and B are AB,
ABC, ABD, and ABCD. Note that in general there are C,
boundaries for simple eutectic systems. In this four compo-
nent example, we have the six boundaries each between one
of the following sets of regions: A and B, A and C, A and D,
B and C, B and D, and C and D.

In Step 6, the hyperplanes with a dimension one less than
that of the boundary (that is, N —2) are identified by match-

AIChE Journal

Figure 1b. Vapor-liquid equilibrium composition space
for a system with four binary eutectics.

ing the points of each pair of boundaries. The ternary eutec-
tic trough ABD-ABCD along which components A, B and D
coprecipitate is such an example. Examples of separation
schemes where the eutectic troughs play a key role can be
found in Berry and Ng (1996). In Step 7, we identify the hy-
perplanes of successively lower dimensions by matching the

Table 2. The Fixed Points, Boundaries and Regions for
the SLE Composition Space in Figure 1a

Boundary Points

Eutectic Composition
ABCD (0.250, 0.250, 0.250, 0.250)
ABC (0.333, 0.333, 0.333, 0.000)
ABD (0.333, 0.333, 0.000, 0.333)
ACD (0.333, 0.000, 0.333, 0.333)
BCD (0.000, 0.333, 0.333, 0.333)
AB (0.500, 0.500, 0.000, 0.000)
AC (0.500, 0.000, 0.500, 0.000)
AD (0.500, 0.000, 0.000, 0.500)
BC (0.000, 0.500, 0.500, 0.000)
BD (0.000, 0.500, 0.000, 0.500)
CD (0.000, 0.000, 0.500, 0.500)
Equations for Boundaries

Equation Boundary Points
Xpa— Xg=0 AB, ABC, ABD, ABCD
Xpa— Xc =0 AC, ABC, ACD, ABCD
2Xp+ Xg+Xc—1=0 AD, ABD, ACD, ABCD
Xg — X¢ = BC, ABC, BCD, ABCD

Xat+2Xg+ Xc—1=0
Xat Xg+2xc—1=0

BD, BCD, ABD, ABCD
CD, ACD, BCD, ABCD

Equations for Regions

Region A: Region B:
Xa— Xg>0 Xa— Xg <0
Xa— Xc >0 Xg — X¢ >0
2Xpat Xg+Xc—1>0 Xpat2Xg+ Xc—1>0
Region C: Region D:
Xa— Xc <0 2Xp+ Xg+ X —1<0
Xg — X¢ <0 Xa+2Xg+ Xc—1<0

Xa+ Xg+2Xc—1>0 Xa+ Xg+2Xc—1<0
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Table 3. Connectivity Matrix for the Simple Eutectic Polythermal Solid-Liquid Equilibrium Phase Behavior

A B C D AB AC AD BC BD CD ABC ABD ACD BCD ABCD
A 1 0 0 0 1 1 1 0 0 0 0 0 0 0 0
B 0 1 0 0 1 0 0 1 1 0 0 0 0 0 0
C 0 0 1 0 0 1 0 1 0 1 0 0 0 0 0
D 0 0 0 1 0 0 1 0 1 1 0 0 0 0 0
AB 1 1 0 0 1 0 0 0 0 0 1 1 0 0 0
AC 1 0 1 0 0 1 0 0 0 0 1 0 1 0 0
AD 1 0 0 1 0 0 1 0 0 0 0 1 1 0 0
BC 0 1 1 0 0 0 0 1 0 0 1 0 0 1 0
BD 0 1 0 1 0 0 0 0 1 0 0 1 0 1 0
CD 0 0 1 1 0 0 0 0 0 1 0 0 1 1 0
ABC 0 0 0 0 1 1 0 1 0 0 1 0 0 0 1
ABD 0 0 0 0 1 0 1 0 1 0 0 1 0 0 1
ACD 0 0 0 0 0 1 1 0 0 1 0 0 1 0 1
BCD 0 0 0 0 0 0 0 1 1 1 0 0 0 1 1
ABCD 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1

points of hyperplanes with a dimension one higher. In this
example, an even lower dimensional variety is the quaternary
eutectic ABCD. In Step 8, the parameters in Eq. 1 for de-
scribing the boundaries as linear hyperplanes are deter-
mined. The results of this step for the example are displayed
in Table 2.

Description of high dimensional systems can be facilitated
by using the connectivity matrix. Each element represents a
pair of points and is described by the following

A;j=1,if i is connected to ] (5)

and

A;;=0,if i isnot connected to | (6)

Table 3 is the connectivity matrix for the simple eutectic
polythermal solid-liquid equilibrium composition space dis-
played in Figure 1a. Another useful representation is the ad-
jacency matrix, which is analogous to the connectivity matrix,
but incorporates the directionality of the connections (Table
4). If the point in row i is connected to and directed toward
the point in row j, the element ij has a value of one. For any
other case, the element ij would be zero. Even if Figure 1a is
not available, the 24 paths can be readily generated with the
adjacency matrix. Beginning with row A in Table 4, it can be

seen that A is connected to AB. From row AB, we see that
AB is connected to ABC. Row ABC shows that ABC is con-
nected to ABCD. Thus, the A-AB-ABC-ABCD path has been
identified. The adjacency matrix is usually used in combina-
tion with the reachability matrix, which can be obtained from
the adjacency matrix. Starting at a point in row i of this ma-
trix, if the point in column j can be reached by moving along
the directed connections, the element ij is unity. In all other
cases, the element would be zero. The reachability matrix for
the SLE example is displayed in Table 5.

Figure 1a is a polythermal diagram within which each point
can have a different temperature. It is suitable for describing
cooling crystallization, as well as extractive crystallization
schemes (Dye and Ng, 1995a). For isothermal evaporative
crystallization, isothermal diagrams such as those presented
in Dye and Ng (1995b) should be used for representing the
composition space.

The same procedure is applicable for the vapor-liquid
equilibrium composition space (Figure 1b) with four binary
azeotropes: AB, AD, BD, and CD. The fixed points, bound-
aries, and regions are displayed in Table 6. A few remarks
need to be made. In Step 2, opposite to that of crystalliza-
tion, the connection between two fixed points should point in
the direction of increasing temperature. As can be seen in
Figure 1b, Step 5 identifies a boundary AB-AD-BD-CD which
is made up of more than one linear plane. When this occurs,

Table 4. Adjacency Matrix for the Simple Eutectic Polythermal Solid-Liquid Equilibrium Phase Behavior

A B C D AB AC AD BC BD CcD ABC ABD ACD BCD ABCD
A 0 0 0 0 1 1 1 0 0 0 0 0 0 0 0
B 0 0 0 0 1 0 0 1 1 0 0 0 0 0 0
C 0 0 0 0 0 1 0 1 0 1 0 0 0 0 0
D 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0
AB 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0
AC 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0
AD 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0
BC 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
BD 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0
CcDh 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0
ABC 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
ABD 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
ACD 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
BCD 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
ABCD 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1942 September 1999 Vol. 45, No. 9 AIChE Journal



Table 5. Reachability Matrix for the Simple Eutectic Polythermal Solid-Liquid Equilibrium Phase Behavior

A B C D AB AC AD BC BD CD ABC ABD ACD BCD ABCD
A 1 0 0 0 1 1 1 0 0 0 1 1 1 0 1
B 0 1 0 0 1 0 0 1 1 0 1 1 0 1 1
C 0 0 1 0 0 1 0 1 0 1 1 0 1 1 1
D 0 0 0 1 0 0 1 0 1 1 0 1 1 1 1
AB 0 0 0 0 1 0 0 0 0 0 1 1 0 0 1
AC 0 0 0 0 0 1 0 0 0 0 1 0 1 0 1
AD 0 0 0 0 0 0 1 0 0 0 0 1 1 0 1
BC 0 0 0 0 0 0 0 1 0 0 1 0 0 1 1
BD 0 0 0 0 0 0 0 0 1 0 0 1 0 1 1
CD 0 0 0 0 0 0 0 0 0 1 0 0 1 1 1
ABC 0 0 0 0 0 0 0 0 0 0 1 0 0 0 1
ABD 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1
ACD 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1
BCD 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1
ABCD 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

the set of points for a boundary is further divided so that a
set of points is obtained for each individual linear boundary
in that composite boundary.

As discussed in Safrit and Westerberg (1997), for some
phase behavior, it is possible to generate a path such that the
starting unstable node is in a different region than the termi-
nating stable node. These paths can lead to sets of fixed points
which are false regions. It is therefore necessary to apply the
following test once all of the candidate regions have been
identified. A boundary can only be shared by two true re-
gions. If a boundary is shared by three or more candidate
regions, the false regions have to be eliminated by trial and
error (Step 9).

Once all of the boundaries have been identified for a re-
gion, the region should be tested for convexity. The solid-
liquid equilibrium system contains only convex regions. If the
region is found to be convex, the inequalities of Egs. 4a and
4b can be used directly to define the region.

If the region is nonconvex, the nonconvexity can be re-
moved by subdivision (Step 10). One of the two boundaries

Table 6. Fixed Points, Boundaries, and Regions for the
VLE Composition Space in Figure 1b

Boundary Points

Azeotrope Composition

AB 0.800, 0.200, 0.000, 0.000)

AD (0.400, 0.000, 0.000, 0.600)

BD (0.000, 0.400, 0.000, 0.600)

CDh 0.000, 0.000, 0.350, 0.650)
Equations for Boundaries

Equation Boundary Points

0.875x, +3.50xg +4.00xc —1.40 = 0.000 AB, BD, CD
0.875x, —1.75xg +1.00x, —0.350 = 0.000 AB, AD, CD

Equatons for Regions

Region 1la:
0.875x, +3.50xg +4.00x; —1.40 < 0.000
0.875x, —1.75xg +1.00xc —0.350 > 0.000

Region 1b:
0.875x, +3.50xg +4.00xc —1.40 > 0.000

Region 2:
0.875x, +3.50xg +4.00x, —1.40 < 0.000
0.875x, —1.75x5 +1.00x —0.350 < 0.000
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around which a nonconvexity is found is extended until it in-
tersects another boundary in the region, so that two regions
are produced. This process is continued until only convex re-
gions exist. The VLE composition space in Figure 1b con-
tains an example of one convex region (D, AB, AD, BD, CD)
and one nonconvex region (A, AB, AD, CD, B, BDC). The
convex region is referred to as region 2. The nonconvex
region is divided into two parts by extending the plane AB-
BD-CD. Two convex regions, regions 1a and 1b, result. These
two convex subregions together make up the larger non-
convex region. The resulting inequalities are displayed in
Table 6.

Boundaries Formed by Liquid-Liquid Equilibrium

A liquid-liquid phase split results in boundaries which are
typically fairly nonlinear. Often, these boundaries cannot be
adequately approximated with a single linear hyperplane.
However, several hyperplanes can be used to approximate the
boundary. For example, in a quaternary LLE composition
space, linear planes each defined by three points can be fit
onto the LLE envelope. In other words, the surface of the
LLE envelope is divided into triangles. The region represent-
ing the LLE envelope can then be described with inequalities
(Egs. 4a and 4b).

Boundaries Formed by Solid Phase Separating
Agents

For separation systems in which a solid separating agent
such as an adsorbent or a membrane is used, the separating
agent does not form an additional component in the system
because it remains in the equipment unit. However, the sepa-
ration is limited by the interaction of the separating agent
and the mixture to be separated, instead of just the thermo-
dynamics of the mixture itself. It is highly desirable to
identify the equipment boundary within which the product
composition can be reached. This is illustrated with mem-
brane separation in terms of three vectors in a composition
space: the permeate vector from the feed to the permeate S;,
the retentate vector from the feed to the retentate Sy, and the
total separation vector from the retentate to the permeate S;.
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The retentate vector is related to the permeate vector through
the membrane cut as follows

Sr=—Spb0/(1-0) (7

The total separation vector shares the direction of the per-
meate vector, and can be calculated as follows

St =Sp/(1-0) (®)

Here, the membrane cut is the ratio of molar flow rate of
permeate P to that of the feed F

P
6=— (9

In turn, the permeate vector for a given feed can be deter-
mined with the separation factor, a general definition of which
is

= (10)

For an N component system, the use of N —1 separation
factors leads to the permeate composition

F
;N X
p iN 2
xP— N7 1
" Saxf (1)

Thus, the separation factors provide a direction for the sepa-
ration and a distance between the feed and permeate compo-
sition, while the membrane cut equation (Eg. 7) allows the
distance of the retentate composition from the feed along the
material balance line to be determined. It should be noted
that this procedure can be similarly repeated to solve for the
feed compositions if the permeate compositions are speci-
fied.

Example with a ternary mixture

Applying Eq. 11 results in the following two equations for
ternary systems

F
13X
xP = - = = (12)
aq3X] T ay3X; + X3
F
Q3%
xP = = (13)

F F
13Xy T a3 Xy + X3

Rather than evaluating specific membranes one at a time, it
is desirable to determine the feasible separations for a given
feed and a given set of membrane characteristics. This can be
achieved by setting a maximum separation factor to deter-
mine the process boundary on the permeate. There are six
separation factors which could be set to this maximum value:

1944 September 1999 Vol. 45, No. 9

15, Qpg, @3, @nd their inverses a,,, ag,, ag. In order to
get the limitation of this maximum separation factor, one
separation factor is set to the maximum. The other separa-
tion factors are varied with the constraint that no separation
factor becomes greater than the maximum. Then another one
of the six separation factors is held at the maximum, while
the other separation factors are varied. Once each of the sep-
aration factors has been held at the maximum, the complete
boundary of the permeate compositions is generated. The re-
sults of such calculations for a feed of composition of (0.333,
0.333, 0.334) and maximum separation factors of 20 and 5 are
displayed in Figure 2a. Note that with a high separation fac-
tor of 20 the permeate composition can reach almost the en-
tire composition space. In Figure 2b, the effect of the initial
feed concentration on the possible permeate compositions are
displayed. In this figure, the feed composition is (0.1, 0.1, 0.8),
while the maximum separation factors are kept at 20 and 5.
As can be seen, the initial feed can have a large impact on
the magnitude of the separation possible.

There are situations in which the permeate composition is
specified. For a membrane with a given set of characteristics,
the problem is to determine the feed composition which yields
such permeate purity. The feed compositions may be deter-
mined from the permeate compositions for a ternary system
as follows

P
X1/a3
Xf=—5 5 5 (14)
X1/ + X3 /053 + X3
)
X5 /o
L 2/23
X3 5 (15)

P P
X1/ + X3 /53 + X3

It is assumed in Figure 2c that the permeate stream must
contain at least 0.995 mol fraction of component A. It shows
that the feed must lie above the respective horizontal line for
separation factors of 50 and then 100 for a,g and aac.

Design Procedure

With the process boundaries and feasible products identi-
fied, generation of flowsheet alternatives begin. An outline of
the design procedure is displayed in Table 7. In this proce-
dure, the feed composition and flow rate, as well as the de-
sired products and product compositions, are assumed to be
specified (Steps 1 and 2). Then, the separation sequence is
determined in a step-by-step manner by moving the feed
composition through the composition space towards the
product compositions. In Step 3, beginning with the feed, ei-
ther the heuristic-based methods suggested by Barnicki and
Fair (1990, 1992) and others, or the physical /chemical prop-
erties method by Jaksland et al. (1995) can be used to iden-
tify feasible and infeasible separation techniques. In Step 4,
the boundaries, regions, and feasible products for the units
which are deemed applicable are determined using the pro-
cedure in Table 1. In Step 5, the parameters describing the
boundaries (Eq. 1), are determined. In Step 6, we substitute
the selected feed composition (xF) and one product compo-
sition (x"1) into Eq. 3 to determine the material balance line.
Then, the intersection point of this material balance line with
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Figure 2. Equipment boundaries.

(a) On the membrane permeate composition for an equimo-
lar feed; (b) on the membrane permeate composition for a
feed of (0.1, 0.1, 0.8); (c) on the membrane feed composition
for a permeate purity of 0.995 mole fraction A.
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Table 7. Design Procedure Accounting for Boundaries
in Separations

(1) Specify the flow rate and composition of the overall feed to
the separation system.

(2) Decide on the flow rate and composition of each product
stream.

(3) Beginning with the feed, use heuristics or physical /chemical
properties to identify feasible units and to exclude infeasible
units for the current separation step in the flowsheet.

(4) For the current step, determine the relevant thermodynamic
and equipment boundaries, regions and the corresponding
feasible products.

(5) Determine the linear mathematical form of the thermody-
namic and equipment boundaries for the separation tech-
nique under consideration, if applicable.

(6) For a proposed separation, determine the intersection point
between the material balance line (Eq. 3) and a boundary
(Eq. 1).

(7) Repeat Steps 3 to 6 for the current mixture(s) to be sepa-
rated. Alternative separation techniques at a separation step
constitute process alternatives.

(8) After completing the flowsheet, send recycle stream(s) back
to the process. Select a recycle destination with a composition
comparable to that of the recycle stream. If such destinations
do not exist, direct the recycle stream to a destination in such
a way that the feed location to each unit remains in the same
region of the composition space. Iterate if necessary.

the boundaries in this region is determined by solving Egs. 1
and 3.

Several candidate products (intersection points) may be
generated from these solutions. Each point is tested using
the region inequalities. The real intersection point is the
largest value of t, which still satisfies all of the inequalities
except for the boundary on which the intersection occurs. At
this boundary, the inequality becomes an equality of zero. In
the event that a nonconvex region has been identified and
fixed by subdivision, care should be taken to test all of the
parts of the region.

In Step 7, Steps 3 and 6 are repeated for the current loca-
tion(s) in the composition space until the target product com-
positions are reached. After removing the desirable products,
byproducts, and wastes (Douglas, 1995), the recycle structure
needs to be considered in order to synthesize the entire flow-
sheet. At this point of the design, certain streams for which a
destination has not yet been designated arise along the main
processing train. In general, these streams have a relatively
low flow rate, but contain many of the desirable products.
Instead of processing such a stream further using a new sepa-
ration unit, it is combined with a feed stream of another sep-
arations unit. The composition of this combined feed should
stay in the same region as the original feed so that the se-
guence of separations remains the same. Therefore, the recy-
cle stream should be recycled back into the process to the
stream with the nearest composition (Step 8). The final flow
rate and composition values are obtained by iteration. It may
happen that the original feed stream is mixed with a recycle
stream to form a new feed stream which is located in another
region of the composition space than that of the original feed
stream. This will lead to new process alternatives. Also, some
of these undesignated streams may contain a significant frac-
tion of wastes and may be purged. Such a decision is case
specific and has to be considered in conjunction with waste
treatment costs.

Vol. 45, No. 9 1945



Implementation

Our calculational procedure is implemented using a
spreadsheet. After all of the boundaries and the inequalities
for the regions have been determined, the region for the feed
is located using the inequalities for each of the separation
techniques selected based on heuristics. One separation unit
is then added as a block to the spreadsheet and, in anticipa-
tion of possible recycle streams, three feeds are used for each
separation unit. At this point, only one feed is connected (that
is, the other feed flow rates are set to zero). One product
composition is chosen from the feasible products for the re-
gion in which the unit is operating in and entered into the
spreadsheet. The intersection of the material balance line
with a boundary has the following general result for the pa-
rameter t

arxpr+a, xJ+ . Fay_ xR +b
t=
P1 F P1 F P1 F
ay( X7t = xp ) +ay(xFt = xf )+ Fay (XNt = xNoy)

(16)

where xP! and xF are the first product and feed composi-

tions, respectively. The largest value of t which is still in the
region under consideration is the location of the other prod-
uct on the material balance line. The composition of this
product is calculated using Eq. 3.

This process of adding units is continued until the separa-
tions objective has been met. The recycle structure is deter-
mined, as discussed earlier, by matching similar composi-
tions. A macro is programmed to put the compositions and
flow rates of the recycle streams in as feed streams to the
appropriate units. Using this macro, the spreadsheet calcula-
tions are iterated until the stream variables converge. At this
point, the overall balances and the balances around each unit
will be satisfied. It is our experience that all feasible flow-
sheets will converge. In some cases, a recycle stream may be
used to move the location of the feed to a separation unit to
a different region than the region which contains the original
feed. The location of the combined feed must be assumed for
the initial decision.

Examples

Example 1: A distillation-crystallization hybrid for a
quaternary mixture

The first example uses the quaternary system discussed
earlier with the SLE and VLE phase diagrams in Figures la
and 1b, respectively. The feed is set at the following flow rate
and composition: 100 Ib mol/h and (0.70, 0.10, 0.15, 0.05),
which represents the mole fractions of A, B, C, and D, re-
spectively. The separations objective is to recovery each com-
ponent in pure form. The process synthesis procedure de-
scribed below is illustrated in Figure 3.

This feed is in region 1 for distillation and region A for
crystallization. Pure A can be a product with crystallization.
For distillation, pure C or the AB azeotrope can be products.
Distillation is chosen for the first unit. The material balance
line for this separation intersects the ABD face, the base of
the tetrahedron (Figure 1b). The product from this interac-
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Figure 3. Steps in the flowsheet formation for Example
1.

tion has a flow rate and composition of 85 b mol/h and (0.82,
0.12, 0, 0.06), respectively (Figure 3a). This and other flow
rates below have been rounded off.

This stream can produce AB azeotrope (overhead) and
pure A (bottoms) with distillation and pure A with crystal-
lization. Using crystallization produces pure A at a flow rate
of 60 Ib mol/h and a mother liquor at a flow rate and compo-
sition of 25 Ib mol/h and (0.40, 0.40, 0, 0.20), respectively
(Figure 3b). The possible products from this stream are as
follows: distillation-AB azeotrope and pure B; crystallization-
AB eutectic.

By continuing this procedure, a flowsheet is obtained which
produces all the components in pure form (Figure 3c). There
are two streams displayed in bold for which destinations have
not yet been designated that need to be recycled: Stream 1,
13 Ib mol/h, (0.80, 0.20, 0, 0); Stream 2, 7 Ib mol/h, (0, 0.50,
0, 0.50). The first preference is to recycle these streams to a
stream with a similar composition. By examining the compo-
sitions of the other process streams, the feed stream to the
first crystallization unit is found to be at a composition simi-
lar to Stream 1. However, there is not a process stream which
is similar in composition to Stream 2 except for the feed to
the last crystallization unit. This is the feed to the unit from
which Stream 2 is produced and is obviously not a feasible
destination for the recycle. The second preference is to recy-
cle Stream 2 in such a way that it does not change the feed
location from one region to another for any of the upstream
units. It is found that the overall feed and the feed to the
second distillation column are in the same distillation region
as Stream 2. The first column removes component C, while
Stream 2 is completely depleted of component C. Thus, the
overall feed is rejected as a recycle destination. No such
problem is encountered with the feed to the second column,
which is selected. The flowsheet calculations were iterated
until the stream variables converged. The resulting flowsheet
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Figure 4. Completed flowsheet for Example 1.

with all of the corrected stream variables is displayed in Fig-
ure 4.

Example 2: A distillation-membrane hybrid for a
methanol-ethanol-water mixture

There is only one binary minimum boiling azeotrope be-
tween ethanol and water in this system (Figure 5). A distilla-
tion boundary extends from the pure methanol (an unstable
node) to the azeotrope (a saddle). Water and ethanol are
both stable nodes. The design procedure leads to the follow-
ing flowsheet. An equimolar overall feed is assumed.

The combined feed F, is sent to the first column which
produces a pure water bottoms (0.995 mol fraction water,
0.004 mol fraction ethanol) and an overhead D, near the
boundary (0.091 mol fraction water, 0.454 mol fraction
ethanol). This column requires 20 stages and has a reflux ra-
tio of 1.2. A membrane which selectively permeates water is
then used to create a retentate stream R, which is essentially
only methanol and ethanol (0.002 mol fraction water, 0.498
mol fraction ethanol), and a permeate stream P to be recy-
cled back to the first column at a composition of 0.180 mol
fraction water and 0.409 mol fraction ethanol. To achieve this
separation, this membrane would have to have the following
properties: a separation factor of water to methanol of 2.2, a
separation factor of water to ethanol of 2.2, and a membrane
cut of 0.5. The retentate from the membrane is then sent to
the second distillation column to produce a distillate (0.995
mol fraction methanol, 0.005 mol fraction ethanol) and a bot-
toms product (0.995 mol fraction ethanol, 0.004 mol fraction
water). This column was sized to have a reflux ratio of 3.2
and 46 stages.

One conventional alternative to this hybrid would be to
remove methanol first as a distillate product, leaving a binary
solution of ethanol and water. The ethanol-water solution
would then be sent to a preconcentrator column to create a
distillate near the ethanol-water azeotrope and a bottoms of
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Figure 5. Flowsheet and composition space for sepa-
rating a methanol-ethanol-water mixture.

pure water. This azeotrope stream could then be separated
by an extractive or azeotropic distillation process. Note that
if extractive distillation using ethylene glycol as an entrainer
is used, this process will contain four distillation columns and
will require a separating agent.

Additional examples of flowsheet formulation for ternary
distillation-membrane hybrids

The design procedure can be used to generate flowsheet
alternatives for systems with similar phase behavior (Figure
6). Note that the following symbols are used: F is overall
feed, F; is the feed to the ith column, D; is the distillate of
the ith column, B; is the bottoms of the ith column, FM is
the membrane feed, P is the permeate, and R is the reten-
tate.

Figure 6a shows a system with a distillation boundary lying
near a binary edge (AC), which contains no azeotropes. For
this example, the overall feed is near the boundary and the
membrane is applied first to bypass the boundary. The reten-
tate and permeate streams are further split into two columns
to produce the pure components and the recycle stream D,.

In the next system, there are three binary azeotropes and
one ternary azeotrope (Figure 6b). Each of the three pure
components are stable nodes. The distillation boundary is Y
shaped. In the first column, one of the components can be
recovered (B) and the other product stream (FM) fed to a
membrane. The membrane splits the stream into the two
other regions. Two distillation columns can then be used to
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Figure 6a. Flowsheet and accompanying composition
space for separating a ternary mixture with
one distillation boundary.

Figure 6b. Flowsheet and accompanying composition
space for separating a ternary mixture with a
Y-shaped distillation boundary.
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produce the remaining two components A and C, while creat-
ing two recycle streams.

For the last example system type, there are three alternate
configurations (Figures 6c¢ to 6e). This system has a minimum
boiling binary azeotrope and a ternary saddle azeotrope. An
X shaped distillation boundary is formed. Region A partially
overlaps regions B and C; regions B and C do not overlap
with each other. As a result, a membrane can be used to
move between the parts of regions B and C that overlap with
A. For a feed in the A-ABC-B-A region (Figure 6c), compo-
nent B can be recovered as the bottoms product. The distil-
late is near the A-ABC boundary and can be fed to a mem-
brane to move into the A-ABC-C-A region. The remaining
two pure components are then produced by distillation of the
retentate stream. In Figure 6d, the overall feed composition
is near the B-ABC boundary, the feed can be first sent to a
membrane, which can split the stream into streams in both of
the desired regions. The pure components are then recov-
ered by distillation. Figure 6e shows an example with a feed
made up of primarily A and C. These most plentiful compo-
nents are separated first before recovering B in the third dis-
tillation column.

Example 3: A quinary system of acetone-methanol-ethanol-
2-propanol-water

The separations objective is to recover each of the five
components of this equimolar mixture in pure form. This sys-

C BC B

Figure 6¢c. Flowsheet alternative 1 and accompanying
composition space for separating a ternary
mixture with an X-shaped distillation bound-
ary.
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C BC B

Figure 6d. Flowsheet alternative 2 and accompanying
composition space for separating a ternary
mixture with an X-shaped distillation bound-
ary.

tem exhibits three binary azeotropes: acetone-methanol,
ethanol-water, and 2-propanol-water. Two regions are
formed: region 1: acetone, methanol, ethanol, 2-propanol, and
the three azeotropes; region 2: acetone, methanol, water, and
the three azeotropes. One distillation boundary exists which
contains the following points: acetone, methanol, and all three
azeotropes. Details of this system are summarized in Table 8.
Two of the several possible flowsheets are described below
each containing two membranes in the hybrid. One mem-
brane has a separation factor of methanol to acetone of 5.
The second membrane has a separation factor of water to
each of the organics of 10.

In the first flowsheet (Figure 7), the overall feed is sent to
distillation column 1 which produces a water product as a
bottoms and a distillate product on the distillation boundary.
Molar flow rates and compositions expressed in the mole
fraction of acetone, methanol, ethanol, 2-propanol, and wa-
ter in that order are given for the streams in the figure. The
second column takes the distillate from the first column and
produces the acetone-methanol azeotrope as a distillate; the
bottoms of this column is completely depleted of acetone.
The acetone-methanol stream at the azeotropic composition
is fed to the first membrane. The membrane boosts the ace-
tone concentration in the retentate. From the retentate, ace-
tone is recovered by the third column. The distillate from the
third column is at the same acetone-methanol azeotropic
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Figure 6e. Flowsheet alternative 3 and accompanying
composition space for separating a ternary
mixture with an X-shaped distillation bound-
ary.

composition and is recycled back to the feed of membrane 1.
The membrane permeate concentration is recycled back to
the second column.

The bottoms off the second column (depleted in acetone)
is sent to the second membrane. This membrane produces a
water rich permeate stream, which is recycled back to the
first column, and a water lean retentate stream, which is on
the opposite side of the distillation boundary than the overall
feed. This retentate stream is sent to the fourth distillation
column, which produces a pure methanol distillate and a bot-
toms completely depleted in methanol. The bottoms stream

Table 8. Boiling Points and Classification of the Fixed
Points in Example 3

Boiling Point
Component (°C) Node/Saddle
Acetone 56.1 Saddle
Methanol 64.5 Saddle
Ethanol 78.3 Saddle
2-Propanol 82.2 Stable Node
Water 100.0 Stable Node
Boiling Point
Azeotrope (°C) Node/Saddle
Acetone-Methanol 55.3 Unstable Node
Ethanol-Water 78.1 Saddle
2-Propanol-Water 80.4 Saddle
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Figure 7. Flowsheet alternative 1 for separating an ace-
tone-methanol-ethanol-2-propanol-water mix-
ture.

is fed to the fifth distillation column, which produces a distil-
late stream at the ethanol-water azeotropic composition and
a bottoms stream completely depleted in water. The distillate
stream is recycled back to the second membrane. The bot-
toms stream is a binary mixture of ethanol and 2-propanol,
which is fractionated in the sixth distillation column.

The second flowsheet also is composed of six distillation
columns and two membranes (Figure 8). In this flowsheet,
the overall feed is sent to the first membrane. This mem-
brane produces a water rich permeate stream on one side of
the distillation boundary and a water lean retentate stream
on the other side of the boundary. The permeate stream is
sent to the first distillation column, in which water is recov-
ered as the bottoms product. The distillate product is on the

distillation boundary and is recycled back to the first mem-
brane. The retentate from the first membrane is sent to the
second distillation column. This column produces a distillate
at the acetone-methanol azeotropic composition and a bot-
toms completely depleted in acetone. The distillate stream is
fed to the second membrane which produces an acetone rich
retentate and an acetone lean permeate. The retentate stream
is fed to the third column, in which acetone is recovered as a
bottoms product. The distillate from the third column (at the
acetone-methanol azeotropic composition) is recycled back to
the second membrane. The membrane permeate stream is
recycled back to the second column.

The bottoms off the second column is sent to the fourth
column in which the remaining methanol is recovered in the
distillate. The bottoms of the fourth column (completely de-
pleted in methanol) is sent to the fifth column, which
produces a distillate at the ethanol-water azeotropic compo-
sition, which is recycled to column 1. The bottoms product of
column 5, which contains a binary mixture of ethanol and
2-propanol, is separated in the sixth column.

Example 4: crystallization-decantation hybrid for a
quaternary system

In this example, the three component mixture, A, B, C, are
completely separated by crystallization. The solid-liquid equi-
librium exhibits three binary eutectics and one ternary eutec-
tic: (0, 0.10, 0.90), (0.20, 0, 0.80), (0.91, 0.09, 0), (0.15, 0.07,
0.78), with the elements in each term representing the mole
fraction of A, B, and C, respectively. A solvent S is available
which is miscible with A and B. The solvent is immiscible
with component C over a temperature range which is higher
than the temperature range in which the melting surfaces are
present. In other words, the immiscibility bubble does not
intersect the melting surfaces [see Berry et al. (1997) for such
phase diagrams]. The liquid-liquid envelope is approximated
using five boundary points which form four connected trian-
gular linear planes (Table 9), that is, a boundary point is
shared by all four planes and each pair of planes share two

Table 9. Boundary Points, Boundaries and Regions for
the LLE Composition Space in Example 4

Boundary Points
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Figure 8. Flowsheet alternative 2 for separating an ace-
tone-methanol-ethanol-2-propanol-water mix-
ture.

1950

Point Composition
1 (0.000, 0.000, 0.100, 0.900)
2 (0.333, 0.000, 0.333, 0.333)
3 (0.000, 0.333, 0.333, 0.333)
4 (0.236, 0.236, 0.195, 0.333)
5 (0.000, 0.000, 0.900, 0.100)
Equations for Boundaries
Equation Boundary Points

0.778x, —0.329%g — 1.11x¢ +0.111=10
—0.328%, +0.778Xg —1.11xc +0.111=0
17.0%, +12.9Xg +10.0x —9.00 = 0
12.9, +17.0Xg +10.0xc —9.00 = 0

Equations for Regions

Liquid-Liquid Envelope:
0.778x, —0.329x5 —1.11xc +0.111 <0
—0.328x, +0.778 x5 —1.11xc +0.111 <0
17.0x5 +12.9%x5 +10.0xc —9.00 <0
12.9x, +17.0x5 +10.0xc —9.00 <0
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Figure 9. Flowsheet for separating a quaternary mixture
with crystallization and decantation.

common boundary points. For simplicity, all tie lines for this
envelope are assumed to pass through pure C—or the com-
position (0, 0, 1, 0) and can be determined by joining the
overall composition and (0, 0, 1, 0) with Egs. 3 to 5. A tie line
then intersects two of the boundaries of the liquid-liquid en-
velope, producing two product streams.

A feasible flowsheet is displayed in Figure 9. Pure A is
crystallized from the feed in the first crystallizer. The mother
liguor is mixed with two recycle streams and sent to the de-
canter. At the decanter temperature, a liquid-liquid split pro-
duces a C lean phase and a C rich phase. The C lean phase is
sent to the first solvent recovery unit, which recycles solvent
S back to the decanter. The rest is fed to crystallizer 2. This
crystallizer recovers pure B; the mother liquor is recycled back
to the first crystallizer. The C rich stream from the decanter
is fed to the second solvent removal unit. This unit provides
an additional solvent recycle back to the decanter and a feed
stream for the third crystallizer. The third crystallizer recov-
ers pure C and produces a mother liquor stream, which is
also recycled back to the decanter.

Conclusions

Separation system synthesis is a diverse and complex sub-
ject. Considerable progress has been made towards applica-
tions in specific technologies and the unifying principles. This
work views separation as movements in composition space.
Beginning with a feed composition and flow rate, we step
through the composition space to reach the specified product
compositions.

The definition of the composition space depends on the
separation technique under consideration. Crystallization
path maps and residue curve maps are well-known examples.
It also depends on the mode of operation. For example, a
polythermal phase diagram should be used for cooling crys-
tallization and an isothermal phase diagram should be used
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for evaporative crystallization. The dimension of the compo-
sition space also changes. To separate an n-component mix-
ture, the dimension is greater than n if separating agents are
used and its dimensionality decreases as pure components are
completely removed from the mixture.

The journey through the composition spaces can be blocked
by the presence of process boundaries due to thermodynamic
boundaries caused by eutectics, azeotropes, or immiscibility
gaps, or due to equipment boundaries caused by the proper-
ties of the solid-phase separating agents. In order to bypass
these boundaries so as to reach the specified product compo-
sitions, we select, combine and configure various separation
techniques to form a hybrid separation system using heuris-
tics available in the literature.

Representing a composition space with a dimension of four
or higher can be difficult. A method is proposed to identify
the regions, boundaries, as well as all the lower dimensional
varieties in an N-dimensional space. The accompanying syn-
thesis procedure can rely entirely on calculations although
lower dimensional systems can be graphically depicted. To
facilitate the synthesis calculations, a process boundary is ap-
proximated as a linear hyperplane if appropriate, while a
nonlinear boundary is represented using a set of linear hy-
perplanes.

It should be emphasized that the use of this easy-to-imple-
ment, user-driven process boundary-based approach does not
require complete knowledge of all the composition spaces in
their entirety. For the chosen separation technique, only the
region of the composition space corresponding to the stream
to be separated needs to be considered. It also does not re-
quire theoretical prediction of the fixed points or boundaries;
experimental data can be entered into the calculational pro-
cedure in the spreadsheet. Indeed, as illustrated with exam-
ples in O’Young et al. (1997), this boundary approach can
help focus our attention on the useful part of the phase dia-
grams and thus minimize the amount of data necessary for
separation system synthesis. Further work is underway to in-
tegrate this approach to separation task selection so as to
expedite the generation of flowsheet alternatives.
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Notation

a;;= constant parameter
b= constant parameter
gi(x)=boundary i as a function of the compositions x
g(x)= vector function containing all of the boundaries for a compo-
sition space, where each element is a boundary
t= variable parameter
t;= variable parameter
x} = composition of component i in stream j
xJ= composition vector of stream j
a= membrane separation factor
6= membrane cut
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